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Abstract
The paper is concerned with guaranteed and fully computable a posteriori error estimates for evolutionary
problems associated with the poroelastic media governed by the quasi-static linear Biot equations [17]. It ad-
dresses the question of approximation error control, which arises in the iterative and monolithic approaches used
for semi-discrete approximations obtained by the implicit Euler time-discretization scheme. The derivation of
the error bounds is based on a combination of the Ostrowski-type estimates [58] derived for iterative schemes
and a posteriori error estimates of the functional type for elliptic problems originally (also called error majorants
and minorants) introduced in [65, 66]. The validity of the first estimates is based on the contraction property
of the fixed stress splitting scheme [51, 49] used for decoupling. The error bounds are applicable for any ap-
proximation from the admissible functional space and independent of the discretisation method used. They are
fully computable and do not contain mesh dependent constants. Functional estimates provide the reliable global
estimates of the error measured in the terms of the energy norm and suggest efficient error indicators for the
distribution of local errors that is advantageous for automated mesh adaptation algorithms.
1 Introduction
Problems defined in a poroelastic media contribute to a wide range of application areas including simulation of oil
reservoirs [87, 76, 77], prediction of the environmental changes, soil subsidence and liquefaction in the earthquake
engineering, well stability, sand production, waste deposition, hydraulic fracturing [26], CO2 sequestration, and
understanding of the biological tissues in biomechanics (see also [3, 75, 34] and reference therein). In recent years,
mathematical modelling of poroelastic problems has become a highly important topic because it helps engineers to
understand and predict complicated phenomena arising in such a media as well as assists in preventing possible future
financial calamities (see, e.g., work on the borehole damage [27, 31, 63]). However, numerical schemes designed for
any of the existing models provide approximations that contain errors of different nature, which must be controlled.
Therefore, reliable quantitative analysis of poroelasticity problems requires efficient and computable error estimates
that could be applied for various approximations and computation methods.
The mathematical model of poroelasticity is given by Biot model that consists of the elasticity equation coupled
with the slow flow equation. Solving such systems of differential equations requires a careful control of the error of
each part. Errors induced in one equation may affect the other one making the computations heuristic. Therefore,
getting reliable and efficient a posteriori error estimates for coupled problems is, in general, much more complicated
task than for a single equation. In case of Biot model, the reliability of computations is especially essential because
we would like to determine the mechanical failure of the domain, e.g., subsidence or fracture propagation, and make
sure that operating regimes are within the safe range.
As the Biot model is a coupled system of partial differential equations (PDEs), we have iterative as well as
monolithic approaches used for solving the problem (see, e.g.,[77]). For the first approach, the problem can be
reformulated in the form with a contractive operator, which naturally yields iteration methods for its solution (see
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[50]). For the error control of the iterative scheme, we use the idea exposed in [58] and obtain guaranteed bounds of
the distance to the respective fixed-point (which corresponds to the exact solution of the problem). However, each
step of such a scheme involves solving a pair of decoupled boundary value problems (BVPs). It is done numerically,
and the approximation errors are controlled by means of a posteriori error estimates of the functional type (see,
e.g., [67]). These error estimates (majorants and minorants) are fully computable and provide guaranteed bounds of
errors arising in the numerical approximations. The derivation of such estimates is based on functional arguments
and variational formulation of the problem in question. Therefore, the method does not use specific properties of
approximations (e.g., Galerkin orthogonality) and special properties of the exact solution (e.g., high regularity).
The estimates do not contain mesh dependent constants and are valid for any approximation in the natural energy
class. Moreover, the majorant also yields an efficient error indicator, that provides mesh adaptation.
The Biot model is a system describing the flow and the displacement in a porous medium by momentum and
mass conservation equations. Initially, it was derived at the macroscopic scale (with inertia effects negligible) in
the works of Terzaghi [82] and Biot [16]. The settlement of different types of soils was predicted in [82], which
later was extended to the generalised theory of consolidation [16, 17]. A comprehensive discussion on the theory
of poromechanics can be found in [25]. Thus, for modelling of the solid displacement u and the fluid pressure p,
we consider the system that governs the coupling of elastic, and isotropic porous medium saturated with slightly
compressible viscous single-phase fluid
−div(λ (divu) I+ 2µ ε(u)− αp I ) = f in Q,
∂t
(
β p+ αdivu
)− divK∇p = g in Q, (1.1)
where f ∈ H1(0, T ; [ L2(Ω)]d) and g ∈ L(0, T ;L2(Ω)) are the body force and the volumetric fluid source, respectively.
Here, the first equation follows from the balance of linear momentum for the total Cauchy stress tensor
σpor := σ(u)− αp I
that accounts not only u but also p, and α > 0 is the dimensionless Biot-Willis coefficient. Linear elastic tensor is
governed by Hook’s law
σ(u) := 2µ ε(u) + λ trε(u) I = 2µ ε(u) + λ (divu) I,
where ε(u) := 12
(∇u + (∇u)T) is the strain tensor, and λ, µ > 0 are generally called the Lame´ constants and
equivalent to Young’s modulus E and Poisson’s ratio ν via relations µ = E2 (1+ν) and λ =
E ν
(1+ν) (1−2ν) . The second
equation is fluid mass conservation (continuity) equation in Q. Here, β stands for the storage coefficient and K is the
permeability tensor, assumed to be symmetric, uniformly bounded, uniformly elliptic, anisotropic, and heterogeneous
in space and constant in time, i.e.,
λK|τ |2 ≤ K(x)τ · τ , τ ∈ Rd, (1.2)
with minimal eigenvalue λK. The initial conditions (ICs)
p(x, 0) = p0, u(x, 0) = u0 on Σ0. (1.3)
For the convenience of the reader, constants and variables included in the definition of the Biot model are summarised
in Table 1 (see Appendix).
The work [78] provides the results on existence, uniqueness and regularity theory for (1.1)–(1.3) in a Hilbert
space setting, whereas [79] extends the recent results to a wider class of diffusion problems in the poroelastic media
with more general material deformation models. Corresponding a priori error estimates can be found in [52]. The
system (1.1)–(1.3) can be understood as the singular limit of the fully dynamic Biot-Allard system (see the details
in [50]), where the acceleration of the solid in the mechanics part of (1.1) is neglected.
There exist two commonly used approaches to solving (1.1) referred to as iterative and monolithic (fully implicit)
(see, e.g.,[77]). The first one is based on iterative decoupling of fluid flow and mechanical deformation (see, e.g.,
[59, 60, 39, 40, 50, 51, 49, 22] and the reference therein). This approach is sequential, where on each step of the
time the flow problem is solved first. It is followed by solving the mechanics using already recovered pressure. The
procedure is iterated until the desired convergence is reached. Different alternation of iterative cycles in flow and
mechanics, i.e., single- [6] and multi-rate schemes [42, 5], can be considered. The second approach is fully coupled
and considers the system with two unknowns simultaneously.
The iterative coupling offers several advantages over the second method in the code design. In particular, in
terms of availability of highly developed discretisation methods (primal [83, 64, 94], mixed [52, 53, 54], Galerkin
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least squares [41], finite volume (FV) [56], discontinuous Galerkin (dG) methods [24], high-order methods [18]
isogeometric analysis [84, 85], and combination of above-mentioned ones [62, 59, 60, 61, 22, 46]) and algebraic
solvers (e.g., general Schur complement based precondisioners [23, 62, 88, 35, 9, 36, 22, 21], and preconditioners,
which are robust with respect to (w.r.t.) the model parameters [69, 70, 38, 47, 10]). For fully coupled approaches,
construction of efficient preconditioning techniques for the arising algebraic systems is an open question and matter
of ongoing scientific research (see, e.g., [4, 89, 21, 32, 37]).
The question of a posteriori error control for the poroelastic models has been already addressed using different
techniques. Application of the residual based error estimates to the coupled elliptic-parabolic problems can be traced
back to works [48, 30]. Recently, similar error indicators were used in [86, 91, 29, 28, 1] for immiscible incompressible
two-(multi-)phase flows in porous media to address the questions of adaptive stopping criteria and mesh refinement.
In [45], authors suggest an a posteriori error estimator based on the appropriate dual problem in space-time for a
coupled consolidation problem involving large deformations. In [71, 15, 2], adaptive space-time algorithms, relying
on equilibrated fluxes technique, were applied to the Biot’s consolidation model (formulated as a system with four
unknowns).
The aim of this study is to provide a posteriori error estimates for the approximation of the system (2.1)–(2.3). In
[57], the functional approach to the error control was used for the Barenblatt–Biot system. The current paper deals
with more advance quasi-static Biot model based on the elliptic-parabolic system of partial differential equations
(PDEs). To the best knowledge of the authors, it is the first study targeting such a coupling between the elastic
behaviour of the medium and the fluid flow in a context of functional error estimates. The obtained upper error
bound (the so-called majorant) is fully computable and do not contain any mesh dependent constants. Moreover,
it provides both the reliable global estimates of the error measured in the terms of the energy norm as well as the
efficient error indicator of its distribution over the computational domain. The latter property makes functional
majorants very advantageous for automated adaptive mesh generation algorithms and error indication.
The paper has the following structure: Section 2 is dedicated to the generalised formulation of the Biot system
(2.1)–(2.3) and its semi-discrete counterpart derived after applying explicit Euler scheme in time. In Sections 3.3
and 4, we consider two approaches of discretising such a system, i.e., incremental, namely, fixed-stress split scheme,
and a monolithic one, respectively. Subsection 3.1 provides justification of the optimal choice of parameters in the
iterative scheme and prove that it is a contraction with an explicitly computable convergence rate. Subsection 3.2
and 3.3 are dedicated to the derivation of auxiliary Lemmas used in the proof of the general estimates for the
approximations generated by the fully decoupled iterative approach. Finally, Section 4 addresses functional error
estimates for the approximations generated by the monolithic scheme.
2 Variational formulation and discretisation
Let W˜ ≡ H1(0, T ;H1(Ω)) (cf. (5.5)) denote the functional space for modelling the pressure and V˜ ≡ C(0, T ; [H1(Ω)]d)
(cf. (5.6)) be a corresponding space for the displacement. We use the system (1.1), governing mechanics and flow,
as well as the corresponding boundary (BCs) and initial conditions (ICs) to prescribe the Biot model. The aim is
to find the pair of the exact solutions (u, p) ∈ V˜ × W˜ satisfying the elliptic-parabolic system:
−div(λ (divu) I+ 2µ ε(u)− αp I ) = f in Q, (2.1)
−divK∇p+ ∂t(β p+ α divu) = g in Q, (2.2)
p(x, 0) = p0, u(x, 0) = u0 in Σ0. (2.3)
Here, functions in the RHS of the system f ∈ H1(0, T ; [ L2(Ω)]d) and g ∈ L(0, T ;L2(Ω)), whereas p0 ∈ H1(Ω) and
u0 ∈ [H1(Ω)]d are initial states of p and u, respectively. For (2.1)–(2.3) to be well-posed, it must be augmented
with a set of boundary conditions. Thus, the following partitions of the boundary are introduced, i.e.,
∂Ω = ΓpD ∪ ΓpN = ΓuD ∪ ΓuN ,
where ΓpD and Γ
u
D must have positive measures, i.e., |ΓpD|, |ΓuD| > 0. We pose the following BCs:
p = pD on Γ
p
D,
− 1µf K∇p · n = zN on Γ
p
N ,
u = uD on Γ
u
D,
σpor · n = tN on ΓuN ,
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For the Dirichlet BCs, uD ∈ H1(0, T ;H1/2(ΓuD)) and pD ∈ H1(0, T ;H
1/2(ΓpD)), whereas for the Neumann part
of the boundary, we select zN ∈ H1(0, T ;H−1/2(ΓpN )) and tN ∈ H1(0, T ;H−
1/2(ΓuN )). Accounting for the time
derivative in (2.2) that acts on the fluid content β p+ α divu, we prescribe the following ICs
η(x, 0) := β p(x, 0) + α divu(x, 0) = β p0 + α divu0 =: η0,
where p0 ∈ H1(Ω) and u0 ∈ [H1(Ω)]d are defined in (2.3). To simplify the exposition, we consider only homogeneous
BCs pD, zN = 0 and uD, tN = 0 for the time being, even though all results are valid for more general assumptions.
Let the spaces for the pressures and displacements satisfy the Dirichlet BCs be defined as follows
V˜ 0 :=
{
v ∈ H1(0, T ; [H1(Ω)]d) | v(t)|Γu
D
= 0 a.e. t ∈ (0, T )},
W˜0 :=
{
w ∈ H1(0, T ;H1(Ω)) | w(t)|Γp
D
= 0 a.e. t ∈ (0, T )}.
Then, the generalised setting of (2.1)–(2.3) reads: find a pair (u, p) ∈ V˜ 0 × W˜0 such that
2µ (ε(u), ε(v))Q + λ (divu, divv)Q + α (∇p,v)Q = (f ,v)Q, ∀v ∈ V˜ 0, (2.4)
(K∇p,∇w)Q + (∂t(β p+ α divu), w)Q = (g, w)Q, ∀w ∈ W˜0. (2.5)
The Biot system of type (2.4)–(2.5) was analysed by a number of authors to establish existence, uniqueness, and
regularity. The first theoretical results on the existence and uniqueness of a (weak) solution are presented in [93]
for the case of β = 0. Further work in this direction can be found in [78, 80]. The well-posedness of the quasi-static
Biot system is ensured under the above-mentioned assumptions. In fact, [51, 49] established contractive results in
suitable norms for iterative coupling of (2.4)–(2.5). For an overview of the stability of existing iterative algorithms,
we refer the reader to [39, 40].
The generally accepted by research community classification of the existing discretisation for the system (2.4)–
(2.5) is based on the number of considered unknowns, i.e., two-, three-, and four-field formulations. Various combi-
nations of approximation spaces were considered for each of the classes. The system with just two unknowns was
discretized by the both stable (e.g., Taylor-Hood H1-conforming finite elements (FEs) in space and backward Euler
scheme in time) and unstable combinations of FEs of displacement and pore pressure fields in [52, 53, 54]. The
study [22] reconstructs the solution by the mixed formulation combining continuous Galerkin (cG) approach and
multi-point flux approximation FV method, whereas [73] suggested MINI and stabilised P1-P1 elements. PhD-thesis
[87] is dedicated to the stabilised finite element method (FEM) to solve the force balance and pressure equations
and a control-volume finite difference (FD) method to solve the remaining component mass balance equations. A
priori analysis in terms of L2 and energy norms for the mixed formulation of Biot equation discretized by two
variants of the primal dG method in conjunction with a backward Euler time stepping was theoretically established
and numerically confirmed in [72].
Three-field formulation is rather flexible (since it allows different combinations of discretizations) and is accepted
by the community as the one providing more physical approximations of the unknowns, i.e., the displacements,
fluid flux (Darcy velocity), and the pore pressure, than in the two-field case. At the movement, the list of possible
treatments is rather extensive. For instance, in [59, 60, 49, 21, 33] authors modelled displacements with cG approach
and the flow with a mixed FEM, and in [61, 90, 81] dG approximations were used for solids. The study [14] used a
stabilised lowest-order FEM to approximate the unknowns, whereas [74] discusses stabilised discretisation for the
classical P1-RT0-P0 FE approach. In [11, 13], space-time finite element methods based on the dG approximations
of the time variable were used in combination with cG-discretisation for mechanics and mixed formulation for flow
equation. Corresponding error estimates were presented in [12].
Recently, four-field formulation received increasing attention from the research community, where both equations
were treated by the pair of mixed methods. It has been addressed from various points of view in [46, 10, 2]. The
advantages of the latter representation are related to the fact the mixed methods preserve conservation laws of mass
or energy and produce continuous normal fluxes regardless of the mesh quality. Moreover, in many applications,
the Darcy velocity, as well as the stress, are of primal interest. Therefore, with primal unknowns allows omitting
the redundant step of recovering them by the post-processing from the displacement and pressure. The choice of
the formulation (from the above-mentioned list) is usually motivated by the considered application as well as the
restriction on the computational resources.
If the mixed formulation of (2.2) is considered (three- or four field formulation), it not only provides the flux that
satisfies local mass conservation properties but also generates an effective approximation of the auxiliary function
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minimising the majorant of the error in pressure (3.13) derived in Section 3.2. Same applies for (2.1), i.e., the
reconstruction of stress simultaneously with displacement could serve an efficient approximation of the auxiliary
variable in Mmn and minimise the costs of a posteriori error control routine.
To discretise (2.4)–(2.5) w.r.t. to time, we represent the interval [0, T ] by a union of N sub-intervals
TN = ∪Nn=1In, In = (tn−1, tn). Let pn(x) ∈ W0 and un(x) ∈ V0, where
W0 :=
{
w ∈ H1(Ω) |w∣∣
Γp
D
= 0
}
and V0 :=
{
v ∈ [H1(Ω)]d |v∣∣
Γu
D
= 0
}
, (2.6)
respectively, be a pair of solutions at the n-th moment in time. Then, the semi-discrete counterpart of (2.4)–(2.5)
reads as
2µ (ε(un), ε(v))Ω + λ (divu
n, divv)Ω + α (∇pn,v)Ω = (fn,v)Ω, ∀v ∈ V0,
(K∇pn,∇w)Ω + 1τn (β(pn − pn−1)Ω + α div(un − un−1), w)Ω = (gn, w)Ω, ∀w ∈W0,
where τn = tn − tn−1. The latter system can be rewritten such that the formulation read as follows: find the pair
(u, p)n ∈ V0 ×W0
2µ (ε(un), ε(v))Ω + λ (divu
n, divv)Ω + α (∇pn,v)Ω = (fn,v)Ω, ∀v ∈ V0, (2.7)
τn (K∇pn,∇w)Ω + β (pn, w)Ω + α (divun, w)Ω = (g˜n, w)Ω, ∀w0 ∈W0, (2.8)
where
g˜n = τn gn + β pn−1 + α divun−1, (2.9)
and (u, p)n−1 ∈ V0 ×W0 are given by the previous time step. The initial values are chosen as (u, p)0 = (p0,u0).
Since from now on, we deal only with the semi-discrete counterpart of Biot problem, we omit index Ω in the scalar
product. Moreover, we always consider the system (2.7)–(2.8) on n-th time step and omit the index n for the rest
of the paper, i.e., we consider
2µ (ε(u), ε(v))Ω + λ (divu, divv)Ω + α (∇p,v)Ω = (f ,v)Ω, ∀v ∈ V0, (2.10)
τ (K∇p,∇w)Ω + β (p, w)Ω + α (divu, w)Ω = (g˜, w)Ω, ∀w ∈W0. (2.11)
The aim of this work is to derive a fully guaranteed a posteriori estimates of the error between the obtained
approximations (u˜, p˜) ∈ V0×W0 and the pair of the exact solutions (u, p) of the Biot system, which is accumulated
form the errors on N time steps, i.e.,
eu := u− u˜ and ep := p− p˜,
where (u˜, p˜) ∈ V0 ×W0 are approximations obtained by means of a certain solution approach applied to (2.10)–
(2.11). On each time step, these errors are measured in terms of the combined norm∣∣[(eu, ep)]∣∣ := ||| eu |||2u + ||| ep |||2p. (2.12)
Here, each term of the error norm is defined as follows:
||| eu |||2u := ‖ ε(eu) ‖22µ + ‖ div(eu) ‖2λ, and ||| ep |||2p:= ‖∇ep ‖2τK + ‖ ep ‖2β , (2.13)
where the norm ‖w ‖2τK is L2-norm weighed with time-step τ and the permeability tensor (cf. (1.2)). The global
bound of the errors eu and ep contain incremental contributions from each of the time-intervals, i.e.,∣∣[(eu, ep)]∣∣ ≤ M∗(u˜, p˜),
where ∗ indicates the solution approach applied to (2.10)–(2.11). Depending on the chosen method, we derive two
different majorants Mit(u˜, p˜) and Mmn(u˜, p˜). Both used as bounds of the errors in approximations reconstructed
by either iterative or monolithic approaches (see Sections 3.3 and 4, respectively).
The first approach is based on the Banach fixed-point theorem and was initially introduced in [51]. It decouples
Biot model to the two classical well-studied sub-problems of linear elasticity and single-phase flow in fully saturated
porous media. Let i denote the iteration number, and the pair (u˜, p˜) = (uih, p
i
h) = (u, p)
i
h be an iterative approxi-
mation of (u, p), which is reconstructed by chosen discretisation technique. In other words, on each time-step In, we
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decouple the system applying the iterative procedure below, in order to obtain the pair (ui, pi) = (u, p)i. Next, each
equation obtained after decoupling is discretized and solved, such that instead of (u, p)i we compute uih containing
the approximation error of the numerical method.
The final functional M
n
it (see Theorem 3) is derived by the combination of the Ostrowski-type estimates [58]
(usually applied for the error control in the contractive iteration algorithms) and the a posteriori error majorants
for the elliptic problems (initially introduced [65, 66]). The first approach is The validity of the Ostrowski-type
estimates is based on the contraction property in the following linear combination of displacement and pressure
α
γ divu
i− Lγ pi, L, γ > 0, the so-called artificial volumetric stress. The selection of the parameters L and γ is justified
and explained in Section 3.1.
An alternative monolithic approach solves (2.10)–(2.11) simultaneously for pressure and displacement, recon-
structing the pair of approximations (u˜, p˜) = (uh, ph) = (u, p)h. For that case, we derive the computable bound
Mmn (see Theorem 4) of the error between the approximation pair and the exact solution. The functional Mmn in
nothing else but a combination of a posteriori error estimates for each of the unknowns in (2.10) and (2.11) has
been considered in [55, 67] and references therein.
Remark 1 We note that the norm of the error for the displacement in (2.13) is induced by the bilinear form
2µ (ε(v), ε(v)) + λ (divv, divv) and, therefore, does not directly control the L2-norm of the error. However, due to
the Korn and Friedrichs’ inequalities, both ‖ eu ‖2 and ||| eu |||2u are estimated by ‖ ε(eu) ‖2. Moreover, the physical
bound on the Lame´ parameters is in the most general case given as d λ+2µ > 0, thus allowing for the first parameter
λ to be slightly negative for so-called auxetic materials. In this case, we use the fact that
||| eu |||2u := ‖ ε(eu) ‖22µ + ‖ div(eu) ‖2λ (5.4) ≤ (2µ+ d λ) ‖ ε(eu) ‖2
holds and work with the positively-weighted norm ‖ ε(eu) ‖2. However, as auxetic materials are rare, the added
complexity associated with allowing for such cases has been avoided in this paper. Consequently, the proofs below
are based on the assumption of non-negative Lame´ parameters.
3 Iterative approach
The current section is concerned with the so-called ‘fixed-stress split’ iterative scheme (3.2)–(3.3), which is widely
accepted to be one of the most prominent schemes among various decoupling techniques. In particular, we clarify
the choice of certain parameters in the scheme being essential to achieve the contraction. This section can be also
considered as a summary, following the ideas exposed in [51, 33], and is included in the paper for the completeness
of exposition as well as the convenience of the reader.
3.1 Fixed-stress split iteration scheme
To stabilize the iteration scheme (3.2)–(3.3), we consider the ‘fixed-stress splitting approach’. Unconditional stability
and convergence of this scheme were studied in [40] and [51], respectively. In this scheme, the artificial volumetric
mean total stress (which is kept constant on the half-time step) is defined by the relation
γηi = αdivui − Lpi, (3.1)
where γ and L are certain positive tuning parameters. The optimal choice of the latter ones allows us to show that
this iteration scheme is a contraction in the norm
∣∣[(ep, eu)]∣∣ defined in (2.12). Moreover, the parameters L and γ
allows to accelerate the iteration procedure and to reduce the number of iterations (proposed and analysed in [51]).
The decoupled the system (2.10)–(2.11) considered prior to obtaining the fixed stress iterative scheme is formu-
lated as follows
τ (K∇pi,∇w) + β (pi, w) + α (divui−1, w) = (g˜, w), ∀w ∈ W0, (3.2)
2µ (ε(ui), ε(v)) + λ (divui, divv) + α (∇pi,v) = (f ,v), ∀v ∈ V0, (3.3)
where the flow equation (3.2) is solved for pi, using ui−1, and the mechanics’ equation (3.3) for ui, using pi recovered
on the previous step. To obtain the initial data for the iteration procedure, we first set the pressure equal to the
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hydrostatic pressure, i.e., it follows from ∇p0 = βfg. Whereas u0 is reconstructed by (3.3), using already known
p0.
We consider first the difference between (i−1)-th and i-th iterations in (3.2), taking into account that
δpi = pi − pi−1 and δui = ui − ui−1:
β (δpi, w) + α (divδui−1, w) + τ (K∇δpi,∇w) = 0. (3.4)
Next, we add positive pressure stabilization terms Lδpi and Lδpi−1, L > 0, to the RHS and the left-hand side
(LHS) of (3.4):
(β + L) (δpi, w) + τ (K∇δpi,∇w) = (L δpi−1 − α divδui−1, w).
By substituting (3.1) to the latter identity, we obtain
(β + L) (δpi, w) + τ (K∇δpi,∇w) = −(γ δηi−1, w). (3.5)
Using analogous manipulation for (3.3), the following identity for the displacement increment holds:
2µ (ε(δui), ε(v)) + λ (divδui, divv)− α (δpi, divv) = 0. (3.6)
Theorem 1 establishes a contraction-type inequality for the norm ‖δηi‖2.
Theorem 1 ([51, 49]) With γ = α√
λ
and L = α
2
2 λ , the fixed-stress splitting iterative scheme, defined in (3.5)–
(3.6), is a contraction given by
‖ε(δui)‖22µ + q ‖∇δpi‖2τK + ‖δηi‖2 ≤ q2‖δηi−1‖2, q = Lβ+L . (3.7)
Proof: See Appendix (Subsection 5.2). 
Remark 2 There exist alternative ways to choose the tuning parameter L. In particular, the physically motivated
choice Lcl =
α2
2 λ is considered in [40]. Whereas, [49] suggested Lopt =
α2
2 (λ+2µ/d) with a complete convergence
analysis valid for homogeneous Lame´ parameters. The recent study [19] suggests the numerical evidence on the
iteration counts w.r.t. the full range of the Lame´ parameters for heterogeneous media. Numerical investigation of
the optimality of these parameters and comparison with physically and mathematically motivated values from the
literature was done in [20]. It was demonstrated, that the optimal value of the tuning parameter is not only dependent
on the mechanical material parameters but on the boundary conditions and material parameters associated with the
fluid flow problem.
Remark 3 The inequality (3.7) shows that the sequence {ηi}i∈N is generated by a contractive operator. Therefore,
due to the Banach theorem, it tends to a certain fixed point. Moreover, since all the terms in the LHS of (3.7) are
positive, in practice, {ηi}i∈N might converge with even better contraction rate than q = Lβ+L .
Corollary 1 From Theorem 1, it follows that ∇δpi = ∇pi − ∇pi−1 and ε(δui) = ε(ui) − ε(ui−1) are also
converging sequences, i.e.,
‖∇δpi‖2τK ≤ q‖δηi−1‖2
and
‖ε(δui)‖22µ ≤ q2‖δηi−1‖2,
respectively.
Corollary 1 is used in the derivation of the error estimate for the term ||| ep |||2p. In particular, it yields the following
result based on the Ostrowski estimates for contraction mappings (see [58, 67]).
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Lemma 1 (Ostrowski-type estimates) Assume that the assumptions of Theorem 1 and Corollary 1 hold.
Then, we have the estimates
‖∇(p− pi)‖2τK ≤ q1−q2 ‖ηi − ηi−1‖2, (3.8)
‖ε(u − ui)‖2µ ≤ q
2
1−q2 ‖ηi − ηi−1‖2. (3.9)
Proof: Consider
‖∇(pk+m − pi)‖2τK ≤ ‖∇(pk+m − pk+m−1)‖2τK + . . .+ ‖∇(pk+1 − pi)‖2τK
≤ q (‖ηk+m−1 − ηk+m−2‖2 + . . .+ ‖ηi − ηi−1‖2)
≤ q (q2m + . . .+ 1)‖ηi − ηi−1‖2.
By taking a limit m → ∞ and noting that in this case (q2m + q2(m−1) + . . . + 1) → 11−q2 , we arrive at (3.8). The
inequality (3.9) is proved by the similar arguments. 
3.2 Errors generated by the discretisation
Before deriving estimates of the approximation errors appearing in the contractive iterative scheme, we focus
our attention on the discretisation error incorporated in approximations of (3.5)–(3.6) reconstructed for the i-th
iteration. Henceforth, the pair (u, p)i = (ui, pi) is considered to be the exact solution of (3.5)–(3.6), whereas
(u, p)ih = (u
i
h, p
i
h) denotes its approximation computed by a certain discretisation method. We aim to derive
computable and reliable estimates of the error measured in the terms |||eip|||2p and |||eiu|||2u. For this purpose, we rewrite
(3.2) as
τ (K∇pi,∇w) + (β + L)(pi, w) = (g˜ − γ ηi−1, w), ∀w ∈W0, (3.10)
with complimented mixed BCs pi = 0 on ΓpD and K∇pi · n = 0 on ΓpN . In turn, (3.3) is considered as
2µ
(
ε(ui), ε(v)
)
+ λ(divui, divv) = (f i − α∇pi,v), ∀v ∈ V0 (3.11)
with ui = 0 on ΓuD and σ
i
por ·n = 0 on ΓuN . Lemmas 2 and 4 below are dedicated to the derivation of the majorants
for the error in approximations to (3.10) and (3.11), respectively.
Majorant of the error in the pressure term
For the first equation (3.10), Lemma 2 presents a computable upper bound of the difference
eip := p
i − pih
between the exact solution pi ∈ W0 and its approximation pih ∈ W0, respectively, measured in terms of the energy
norm ||| eip |||2p.
Lemma 2 For any pih ∈ W0, any auxiliary vector-valued function
zi ∈ HΓp
N
(Ω, div) :=
{
zi ∈ [L(Ω)]d | divzi ∈  L2(Ω), zi · n ∈  L2(ΓpN )
}
, (3.12)
and any parameter ζ ≥ 0, we have the following estimate
‖∇eip ‖2τK + ‖ eip‖2β =: ||| eip |||2p ≤ Mp(pih, zi; ζ),
where
M
h
p(p
i
h, z
i; ζ) := (1 + ζ) ‖rd(pih, zi)‖21/(τK) + (1 + 1ζ )CpΩ
(
‖req(pih, zi)‖2Ω + ‖zi · n‖2Γp
N
)
. (3.13)
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Here,
rd(p
i
h, z
i) := zi − τ K∇pih, req(pih, zi) := g˜ − γ ηi−1 − (β + L) pih + divzi,
where g˜ is defined in (2.9),
(CpΩ)
2 := 1β+L
(
1 +
(
CtrΓp
N
)2)
, (3.14)
is defined via the constant in the trace type inequality
‖w ‖Γp
N
≤ CtrΓp
N
‖w ‖Ω, ∀w ∈ W0, (3.15)
and the parameter of the Biot model β.
Proof: The majorant Mp(p
i
h, z
i; ζ) follows from f [68, Section 2] and [67, Section 4.2–4.3], i.e., we consider (3.10)
with subtracted bilinear form τ (K∇pih,∇w) + (β + L)(pih, w) from its L- and RHS
τ (K∇eip,∇w) + (β + L) (eip, w) = (g˜ − γ ηi−1 − (β + L) pih, w)− τ (K∇pih,∇w).
Next, we set w = eip and introduce an auxiliary function z
i ∈ HΓp
N
(Ω, div) (cf. (3.12)) satisfying the identity
(divz,w)Ω + (z,∇w)Ω = (z · n,w)Γp
N
, such that
‖∇eip‖2τ K + ‖eip‖2β+L = (z − τ K∇pih,∇eip) + (g˜ − γ ηi−1 − (β + L) pih + divz, eip)− (z · n, eip)ΓpN (3.16)
Using the Ho¨lder and Young inequalities, the first term on the RHS of (3.19) can be estimated as
(rd(p
i
h, z
i),∇eip) ≤ 12 (1 + ζ) ‖rd(pih, zi)‖21/(τK) + 12(1+ζ) ‖∇eip‖2τK. (3.17)
The second term on the RHS of (3.19) is bounded analogously, i.e.,
(req(p
i
h, z
i), eip)− (z · n, eip)ΓpN ≤ 12 (1 + 1ζ ) (C
p
Ω)
2(‖req(pih, zi)‖2 + ‖z · n‖2Γp
N
) + 12
ζ
1+ζ ‖eip‖2β+L, (3.18)
where CpΩ (cf. (3.14)) is a constant in the inequality
‖w‖2 + ‖w‖2Γp
N
≤ (CpΩ)2 ‖w‖2β+L, ∀w ∈ W0,
defined through the parameters β and L and constant in the trace inequality (cf. (3.15)). By summing up the results
of (3.17) and (3.18), we obtain
‖∇eip‖2τ K + ‖eip‖2β ≤ ‖∇eip‖2τ K + ‖eip‖2β+L
≤ (1 + ζ) ‖rd(pih, zi)‖21/(τK) + (1 + 1ζ ) (CpΩ)2(‖req(pih, zi)‖2 + ‖z · n‖2ΓpN ). (3.19)

Remark 4 The numerical reconstruction of the majorant involves several steps. They are motivated by the accuracy
requirements imposed on the upper bound of the error. In order to generate guaranteed bounds with the realistic
efficiency index Ieff(Mp) :=
Mp
|||pi−pi
h
|||2p , we can reconstruct z
i from ∇pih (where pih is approximated by the chosen
discretisation method recovering the exact solution of (3.5). However, to obtain the sharpest estimate, functional
Mp must be optimised w.r.t. z
i and ζ iteratively. This generates an auxiliary variational problem w.r.t. vector-valued
function zi.
Alternatively, one can consider the mixed formulation of (3.5) and reconstruct the pair (pih, z
i) simultaneously
using one of the well-developed mixed methods [7, 8]. Then, both variables required for the reconstruction of Mp are
directly computable, and no additional post-processing (computational overhead) is required.
Majorant in Lemma 2 yields an estimate of the eip measured in terms of  L2-norm.
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Corollary 2 For any pih ∈ W0, any auxiliary functions and parameters defined in Lemma 2, the estimate
‖eip‖2 ≤M
h
p,L2(p
i
h, z
i; ζ) :=
(
τ λK
(
CFΓp
D
)−2
+ β
)−1
M
h
p(p
i
h, z
i; ζ) (3.20)
holds, where M
h
p(p
i
h, z
i; ζ) is defined in (3.13), CFΓp
D
is a constant in Friedrichs’ inequality (cf. (5.1)), and λK is
the minimum eigenvalue of the permeability tensor (cf. (1.2)).
Proof: By means of the Friedrichs’ inequality and (1.2), we obtain
|||eip|||2p ≥
(
τ λK
(
CFΓp
D
)−2
+ β
)
‖ eip ‖2. (3.21)
By combining (3.21) and (3.13), we arrive at (3.20). 
Majorant of the error in the displacement term
Current section considers estimates for the error
ei
u
:= ui − uih, (3.22)
between the exact solution ui and its respective approximation uih ∈ V0 measured in terms of the energy norm
(presented in Lemma 4). Since pih is, in fact, used instead of p
i, the original problem (3.11) is replaced by
2µ
(
ε(u˜i), ε(v)
)
+ λ(divu˜i, divv) = (f i − α∇pih,v), ∀v ∈ V0, (3.23)
with a perturbed RHS. Therefore, uih is an approximation of u˜
i instead of ui. In other words, ei
u
is composed of the
error arising due to the original problem is replaced by (3.23), i.e., ui − u˜i, and the error u˜i − uih arising because
(3.23) is solved approximately. By means of the triangle inequality, ei
u
can be estimated by above-described errors
as follows:
‖ ε(ei
u
) ‖22µ + ‖ div(eiu) ‖2λ =: |||eiu|||2u ≤ 2 |||ui − u˜i|||2u + 2 ||| u˜i − uih |||2u. (3.24)
Here, ||| u˜i−uih |||2u can be estimated by the functional majorant for a class of the elasticity problems (see Lemma 3),
whereas |||ui − u˜i|||2U is controlled by the bound following from the difference of model problems (3.11) and (3.23)
(see Lemma 4).
Lemma 3 For any uih ∈ V0 approximating u˜i in (3.23), and any auxiliary tensor-valued function
τ i ∈ [TDiv(Ω)]d×d :=
{
τ i ∈ [ L2(Ω)]d×d ∣∣ Divτ i ∈ [ L2(Ω)]d, τ i · n ∈  L2(ΓuN )},
we have the estimate
‖ε(u˜i − uih)‖22µ + ‖div(u˜i − uih)‖2λ =: |||u˜i − uih|||2u ≤ Mu˜((u, p)ih, τ i)
:= (1 + β)
∫
Ω
rd(p
i
h, τ ) dx+ (1 +
1
β )C
u
Ω
(
‖req(pih, τ )‖2Ω + ‖τ · n‖2Γu
N
)
,
(3.25)
where
req(p
i
h, τ ) := f
i − α∇pih +Divτ ,
rrd(u
i
h, τ ) := 2µ |ε(uih)|2 + λ |divuih|2 + 12µ (|τ |2 − λ3λ+2µ |divτ |2)− 2 ε(uih) : τ,
(3.26)
β > 0, α, µ, λ are characteristics of the Biot model, and
(CuΩ)
2 := (CK)2
(
1 + CtrΓu
N
)2
(3.27)
is defined through the trace and Korn type constants CtrΓu
N
and CK in (5.2) and (5.3), respectively, and
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Proof: For the simplicity of exposition, let us assume the following representation of the elasticity tensor
L ε(u) := 2µ ε(u) + λdiv(u). (3.28)
Then, the derivation of an a posteriori error estimate for the problem
(L ε(u˜i), ε(v)
)
= (f i − α∇pih,v), ∀v ∈ V0, (3.29)
follows the lines presented in [67, Section 5.2]. In particular, we consider an approximation uih ∈ V0, subtract
bilinear form (Lε(uih), ε(v)
)
from the L- and RHS of (3.29), and set v = u˜i − uih to obtain
(L ε(u˜i − uih), ε(u˜i − uih)
)
= (f i − α∇pih,v)−
(
L ε(u), ε(u˜i − uih)
)
. (3.30)
Next, we set v = u˜i − uih and add the divergence of the tensor-valued function τ ∈ [TDiv(Ω)]d×d, i.e.,
(Divτ ,v) + (τ , ε(v)) = (τ · n,v)Γu
N
, ∀v ∈ V0, (3.31)
into the L- and RHS of (3.32), which results in the identity
(L ε(u˜i − uih), ε(u˜i − uih)
)
=
(
rd(u
i
h, τ ), ε(u˜
i − uih)
)
+ (req(p
i
h, τ ), u˜
i − uih)− (τ · n, u˜i − uih)ΓuN , (3.32)
where req(p
i
h, τ ) is defined (3.26) and
rd,L(u
i
h, τ ) := τ − L ε(u).
By means of the Ho¨lder and Young inequalities, the first term on the RHS of (3.32) can be estimated as(
rd,L(u
i
h, τ )), ε(u˜
i − uih)
) ≤ ∥∥rd,L(uih, τ )‖L−1‖ε(u˜i − uih)‖L ≤ α12 ‖rd(uih, τ )‖2L−1 + 12α1 ‖ε(u˜i − uih)‖2L
The second and the third terms are combined and estimated as follows
(req(p
i
h, τ ), u˜
i − uih)− (τ · n, u˜i − uih)ΓuN ≤ α22 CKΓuN (‖req(p
i
h, τ )‖2 + ‖τ · n‖2Γu
N
) + 12α2 ‖ε(u˜
i − uih)‖2L
where CuΩ (cf. (3.27)) is a constant in
‖u˜i − uih‖2 + ‖u˜i − uih‖2Γu
N
≤ (CuΩ)2‖ε(u˜i − uih)‖2L
defined through constants CK and CtrΓu
N
in the Korn and trace inequalities defined in (5.3) and (5.2), respectively.
By choosing parameters α1 = (β + 1), α2 = (1 +
1
β ), where β > 0, we arrive at
‖ε(u˜i − uih)‖L ≤ (1 + β) ‖rd,L(uih, τ )‖2L−1 + (1 + 1β ) (CuΩ)2
(‖req(pih, τ )‖2 + ‖τ · n‖2Γu
N
)
. (3.33)
Consider now (3.28) and the representation of tensor L−1τ through Lame parameters, i.e.,
L
−1τ := 12µ
(
τ − λ3λ+2µdivτ I
)
.
Then, the first term on the RHS of (3.33) can be rewritten as
L
−1rd,L(uih, τ ) : rd,L(u
i
h, τ ) =
(
L
−1τ − ε(uih)
)
: (τ − Lε(uih)
)
= 2µ |ε(uih)|2 + λ |divuih|2 + 12µ (|τ |2 − λ3λ+2µ |divτ |2)− 2 ε(uih) : τ =: rrd. (3.34)
Taking the latter into account, we arrive at the alternative estimate
‖ε(u˜i − uih)‖22µ + ‖div(u˜i − uih)‖2λ ≤ (1 + β)
∫
Ω
rd(u
i
h, τ ) dx+ (1 +
1
β ) (C
u
Ω)
2
(‖req(pih, τ )‖2 + ‖τ · n‖2Γu
N
)
, (3.35)
where rd(u
i
h, τ ) in defined in (3.26) and τ = τ
i is an auxiliary stress approximating function reconstructed in the
correspondence with uih. 
Remark 5 We note the choice of the auxiliary tensor-function providing the optimal values of the error estimate
is τ i := Lε(u˜i) = 2µε(u˜i) + λdiv(u˜i)I. In this case, we can show that the equilibration residual vanishes, and the
dual one provides the exact representation of the error.
Lemma 4 proceeds with estimation of ei
u
(cf. (3.22)), accounting for the error arising if (3.11) is replaced by
(3.23).
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Lemma 4 For any pih ∈ W0, any uih ∈ V0 approximating u˜i in (3.23), and any zi ∈ HΓpN (Ω, div) and
τ i ∈ [TDiv(Ω)]d×d, the estimate
||| ei
u
|||2
u
≤ Mhu((u, p)ih, τ i, zi) := 2 λ η
2 α2
2 η λ−1 M
h
p,L2(p
i
h, z
i) + 2Mu˜((u, p)
i
h, τ
i) (3.36)
holds, where ζ ≥ 0 and η ∈ [ 12λ ,+∞). Here, Mp,L2 and Mu˜ are defined in (3.20) and (3.25), respectively, and α
and λ are characteristics of the Biot model.
Proof: As it was noted in (3.24), the error is two-folded and composed from ‖ui − u˜i‖2U and ‖ u˜i − uih ‖2U , where
the second term is controlled by (3.25) in Lemma 3. The estimate of the first term is derived by considering the
difference of (3.11) and (3.23), i.e.,
2µ (ε(ui − u˜i), ε(v)) + λ(div(ui − u˜i), divv) = −α(pi − pih, divv).
By choosing v = ei
u
, we obtain the identity
‖ε(ui − u˜i)‖22µ + ‖ div(ui − u˜i) ‖2λ = −α(pi − pih, div(ui − u˜i)).
The latter one can be estimated from above by the Cauchy inequality, which yields
‖ε(ei
u
)‖22µ + ‖ div(eiu) ‖2λ ≤ α‖eip‖‖div(eiu)‖, ∀α > 0.
By using the Young inequality with η ≥ 12λ , we arrive at
‖ε(ui − u˜i)‖22µ + (λ− 12 η ) ‖ div(ui − u˜i) ‖2 ≤ η2α2‖pi − pih‖2. (3.37)
According to Lemma 2, the linear combination in (3.37) can be estimated as
‖ε(ui − u˜i)‖22µ + (λ − 12 η ) ‖ div(ui − u˜i) ‖2 ≤ η α
2
2 Mp,L2(p
i
h).
By using
‖ε(ui − u˜i)‖22µ + ‖ div(ui − u˜i) ‖2λ ≤ 2 η λ2 η λ−1
(
‖ε(ui − u˜i)‖22µ + (λ− 12 η ) ‖ div(ui − u˜i) ‖2
)
,
we obtain
|||ui − u˜i|||2
u
:=≤ λ η2 α22 η λ−1 Mp,L2(pih).
Combining (3.25) and (3.38), we arrive at
‖ ε(ei
u
) ‖22µ + ‖ div(eiu) ‖2λ ≤ 2λ η
2 α2
2 η λ−1 Mp,L2(p
i
h) + 2Mu˜(u
i
h, p
i
h). (3.38)

In addition to (3.25), we can obtain the estimate for the error measured in terms of ‖div · ‖2-norm.
Corollary 3 For any pih ∈W0, any uih ∈ V0 approximating u˜i in (3.23), as well as any parameters and function
defined in Lemma 4, we have
‖ div(ei
u
) ‖2 ≤ Mhu,div((u, p)ih, τ i, zi) := 1(2µd+λ)
(
2λ η2 α2
2 η λ−1 Mp,L2(p
i
h, z
i) +Mu˜((u, p)
i
h, τ
i)
)
, (3.39)
where Mp(p
i
h, z
i) and Mu˜((u, p)
i
h, τ
i) are defined in (3.20) and (3.25) for any zi ∈ HΓp
N
(Ω, div) and τ i ∈
[TDiv(Ω)]d×d, respectively, and µ is characteristic of the Biot model.
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Proof: By using inequality (5.4) and substituting it in (3.25), we arrive at
(2µ d+ λ)‖ div(ei
u
) ‖2 ≤Mu,div(pih, zi, ζ) = 2 λ η
2 α2
2 η λ−1 Mp,L2(p
i
h) + 2Mu˜(u
i
h, p
i
h, τ
i).

3.3 Errors generated by the iteration method
In this section, we consider guaranteed bounds of the errors arising in the process of contractive iterations (2.10)–
(2.11) applied to the system (3.2)–(3.3). First, we prove the following result. We consider the functions pih, p
i−1
h ∈ W0
as approximations of two consequent pressure functions associated with the iterations i and i−1, whereas uih,ui−1h ∈
V0 are approximations of u˜
i and u˜i−1 ∈ V0 in (3.23), respectively.
Lemma 5 For any pi ∈ W0 approximating p ∈ W0 in (2.11), the estimate of the error incorporated in the
pressure term on the i-th iteration step has the following form
||| p− pi |||2p ≤M
i
p
(
(u, p)i−1h , z
i−1, τ i−1, (u, p)ih, z
i, τ i
)
:= 3 q1−q2
((
CF
Γ
p
D
)
2
β
λK τ
+ 1
)(
‖ηih − ηi−1h ‖2
+ λ2
(
M
h
u,div((u, p)
i
h, τ
i, zi) +M
h
u,div((u, p)
i−1
h , τ
i−1, zi−1)
)
+ L4
(
M
h
p,L2(p
i
h, z
i) +M
h
p,L2(p
i−1
h , z
i−1)
))
,
(3.40)
where M
h
u,div and M
h
p,L2 are defined in Corollaries 2 and 3 for any z
i ∈ HΓp
N
(Ω, div) and τ i ∈ [TDiv(Ω)]d×d,
respectively, q = Lβ+L , and
ηih =
α
γ divu
i
h − Lγ pih, L = α
2
2λ , ∀pih ∈ W0,uih ∈ V0.
Parameters α, β, λ, µf , C
F
Γp
D
, λK, and τ are characteristics of the semi-discrete Biot model (3.3)–(3.2).
Proof: We begin by noting that for the error p− pi caused by the iterative scheme
||| p− pi |||2p = ‖ p− pi ‖2β + ‖∇(p− pi) ‖2τK (5.1) ≤
(
(CF
Γ
p
D
)2 β
λK τ
+ 1
)
‖∇(p− pi) ‖2τK.
The estimate of ‖∇(p − pi) ‖2τK follows from (3.8). To proceed forward, we need to estimate the RHS of (3.8),
namely ‖ηi − ηi−1‖2. By adding and extracting the discretized approximations ηi−1h and ηih, we obtain
‖ηi − ηi−1‖2 ≤ 3 (‖ηih − ηi−1h ‖2 + ‖ηi − ηih‖2 + ‖ηi−1 − ηi−1h ‖2).
Here, the first term ‖ηih − ηi−1h ‖2 is fully computable, and by means of relation
ηi = 1γ (α divu
i − Lpi),
we obtain the estimate for the second and third terms:
‖ηi − ηih‖2 ≤ 12γ2
(
α2‖div(ei
u
)‖2 + L2‖eip‖2
)
(3.20) & (3.39) ≤ 12γ2
(
α2M
h
u,div(p
i
h) + L
2M
h
p,L2(p
i
h)
)
.
For simplicity, we exclude parameter γ by substituting γ2 = 2L. Similarly,
‖ηi−1 − ηi−1h ‖2 ≤ 14L
(
α2M
h
u,div(p
i−1
h ) + L
2M
h
p,L2(p
i−1
h )
)
. (3.41)
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Therefore, the estimate of ||| p− pi |||2p can be represented as follows
||| p− pi |||2p ≤ M
i
P :=
(
(CF
Γ
)2 β
λK τ
+ 1
)
3 q
1−q2
{
‖ηih − ηi−1h ‖2
+ 14L
(
α2
(
M
h
u,div(p
i
h) +M
h
u,div(p
i−1
h )
)
+ L2
(
M
h
p,L2(p
i
h) +M
h
p,L2(p
i−1
h )
))}
. (3.42)
Finally, by substituting λ = α
2
2L in (3.42), we arrive at (3.40). 
To derive the upper bound for the error u− ui measured in terms of
|||u − ui |||2
u
:= ‖ ε(u− ui) ‖22µ + ‖ div(u− ui) ‖2λ, (3.43)
we exploit the idea analogous to one used to estimate the error in the pressure term. The result is presented by
Lemma 6.
Lemma 6 For any ui ∈ V0 approximating u ∈ V0 in (2.10), the error in the displacement on the i-th iteration
step has the following form
|||u − ui |||2
u
≤ Miu
(
(u, p)i−1h , z
i−1, τ i−1, (u, p)ih, z
i, τ i
)
:= (1 + d λ2µ )
3 q2
1−q2
(
‖ηih − ηi−1h ‖
+ λ2
(
M
h
u,div((u, p)
i
h, τ
i, zi) +M
h
u,div((u, p)
i−1
h , τ
i−1, zi−1)
)
+ L4
(
M
h
p,L2(p
i
h, z
i) +M
h
p,L2(p
i−1
h , z
i−1)
))
,
(3.44)
where M
h
u,div and M
h
p,L2 are defined in Corollaries 2 and 3 for any z
i ∈ HΓp
N
(Ω, div) and τ i ∈ [TDiv(Ω)]d×d,
respectively, q = Lβ+L , and
ηih =
α
γ divu
i
h − Lγ pih, L = α
2
2λ , ∀pih ∈ W0,uih ∈ V0.
Parameters λ, µ, α are characteristics of the Biot model.
Proof: We consider (3.43)
|||u− ui |||2
u
(5.4) ≤ (2µ+ d λ) ‖ ε(eu) ‖2,
where the RHS is controlled by the contractive term ‖η − ηi‖2, which follows from (3.9). Therefore, we obtain
|||u − ui |||2
u
≤ 2µ+d λ2µ q
2
1−q2 ‖ηi − ηi−1‖2
≤ 2µ+d λ2µ 3 q
2
1−q2
(‖ηi − ηih‖2 + ‖ηi−1 − ηi−1h ‖2 + ‖ηih − ηi−1h ‖2). (3.45)
Analogously to the proof of Lemma 5 (cf. (3.41)), the estimate for the second term in (3.45) results into
|||u − ui |||2
u
≤ Miu := (1 + d λ2µ ) 3 q
2
1−q2
(
‖ηih − ηi−1h ‖
+ 14L
(
α2
(
M
h
u,div(p
i
h, z
i) +M
h
u,div(p
i−1
h , z
i−1)
)
+ L2
(
M
h
p,L2(p
i
h, z
i) +M
h
p,L2(p
i−1
h , z
i−1)
)))
. (3.46)
Again, by substituting λ = α
2
2L in (3.46), we arrive at (3.44). 
The derivation of the reliable estimate for the error in the pressure approximation reconstructed on the i-
th iteration is based on the combination of two different approaches, i.e., Ostrowski-type estimates used for the
contractive iterative methods and functional error estimates presented in Section 3.2. Theorem 2 presents a bound
of the error in the pressure term, which combines both above-mentioned techniques.
Theorem 2 For any pih ∈W0, and uih ∈ V0 approximating u˜i in (3.23), we have the estimates
||| ep |||2p ≤ Mp := 2
(
M
h
p(p
i
h, z
i) +M
i
p
(
(u, p)i−1h , (u, p)
i
h, z
i−1, zi
))
,
||| eu |||2u ≤ Mu := 2
(
M
h
u((u, p)
i
h, τ
i, zi) +
(
(u, p)i−1h , z
i−1, τ i−1, (u, p)ih, z
i, τ i
))
.
Here, M
h
p and M
i
p are defined in Lemmas 2 and 5, whereas M
h
u and M
i
u are derived in Lemmas 4 and 6 dependent
on pi−1h ∈ W0, ui−1h ∈ V0 approximating u˜i−1 in (3.23), zi, zi−1 ∈ HΓpN (Ω, div), τ i, τ i−1 ∈ [TDiv(Ω)]d×d,
respectively, and parameter ζ ≥ 0.
Proof: In order to decompose the error ||| ep |||2p in two parts, we apply the triangle inequality
||| ep |||2p = ||| p− pih |||2p ≤ 2
(
||| p− pi |||2p + ||| pi − pih |||2p
)
. (3.47)
The first term in the RHS of (3.47) is bounded by (3.40) from Lemma 5, whereas the second term is controlled by
(3.13) from Lemma 2.
Analogously, by using the triangle rule, we obtain
||| eu |||2u = |||u− uih |||2u ≤ 2
(
|||u − ui |||2
u
+ |||ui − uih |||2u
)
. (3.48)
The first term in the RHS of (3.48) is controlled by (3.44), whereas the estimates of the second term of (3.48)
follows from (3.25). 
Theorem 3 For any pih ∈W0, and uih ∈ V0 approximating u˜i in (3.23), we have the estimates∣∣[ep, eu]∣∣ ≤Mit := Mp +Mu,
where Mp and Mu are defined in Theorem 2.
4 Monolithic approach
In order to derive estimates for the error in the approximations generated by the monolithic schemes, we consider a
single n-th time step In (of the length τ) of a semi-discrete scheme defined by (2.10)–(2.11). The difference between
(u, p) and the exact pair (u, p)h ∈ V0 ×W0 is denoted by (eu, ep) := (u − uh, p − ph) ∈ V0 ×W0. Theorem 4
provides the derivation of the reliable estimate of such an error occurring when the monolithic scheme is applied to
(2.10)–(2.11).
Theorem 4 For any (u, p)h ∈ V0 × W0 approximating the pair of the exact solutions (u, p) ∈ V0 × W0 in
(2.10)–(2.11), any auxiliary tensor-valued function
τ ∈ [TDiv(Ω)]d×d :=
{
τ ∈ [ L2(Ω)]d×d ∣∣Divτ ∈ [ L2(Ω)]d, τ · n ∈  L2(ΓuN)},
and any vector-valued function
z ∈ [Zdiv(Ω)]d :=
{
z ∈ [ L2(Ω)]d
∣∣ divz ∈ L2(Ω), z · n ∈ L2(ΓpN ))},
we have the estimate
‖ε(eu)‖22µ + ‖diveu‖2λ + ‖∇ep‖2τK + ‖ep‖2β =:
∣∣[(eu, ep)]∣∣ ≤Mmn((u, p)h, τ , z; ξ, ζ) := Mτmn +Mzmn (4.1)
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where
M
τ
mn := (1 + ξ)
∫
Ω
rrτd dx+ (1 +
1
ξ )C
u
Ω
(
‖rτeq(ph, τ )‖2 + ‖τ · n‖2Γu
N
)
, (4.2)
M
z
mn := (1 + ζ)‖rzd(ph, z)‖21/(τ K) + (1 + 1ζ )CpΩ
(
‖rzeq(uh, ph, z)‖2Ω + ‖z · n‖2Γp
N
)
, (4.3)
where rτeq(ph, τ ), rr
τ
d (uh, τ ), r
z
eq
(
(u, p)h, z
)
, and rzd(uh, τ ) are defined as follows
rτeq(ph, τ ) := f − α∇ph +Divτ ,
rrτd (uh, τ ) := 2µ |ε(uih)|2 + λ |divuih|2 + 12µ (|τ |2 − λ3λ+2µ |divτ |2)− 2 ε(uih) : τ,
rzeq
(
(u, p)h, z
)
:= g˜ − (β ph + α divuh) + divz,
rzd(ph, z) := z − τK∇ph.
(4.4)
The constants
(CpΩ)
2 := 1β
(
1 +
(
CtrΓp
N
)2)
and (CuΩ)
2 := C2K
(
1 + (CtrΓu
N
)2) (4.5)
are defined through the trace constants CtrΓp
N
and CtrΓu
N
(cf. (5.2)) corresponding to the parts of the boundary ΓpN
and ΓuN , respectively, as well as C
K is a constant the Korn first inequality (cf. (5.3)). Finally, τ , λK, µ, λ, β are
the Biot model parameters.
Proof: Let us consider
(L ε(u), ε(v)) + α (∇p,v) = (f ,v), ∀v ∈ V0, (4.6)
τ (K∇p,∇w) + β (p, w)− α (u,∇w) = (g˜, w), ∀w ∈W0. (4.7)
where L ε(u) := 2µ ε(u) + λdiv(u), and deduct combinations
(L ε(uh), ε(v)) + α (∇ph,v) and τ (K∇ph,∇w) + β (ph, w)− α (uh,∇w)
from (4.6) and (4.7), respectively. Next, we set test functions v = eu and w = ep. Then, the system (2.10)–(2.11)
is represented through the ‘error-identities’ in the pressure and displacement terms
(L ε(eu), ε(eu)) + α (∇ep, eu) = (f − α∇ph, eu)− (L ε(uh), ε(eu))
τ (K∇ep,∇ep) + β (ep, ep)− α (eu,∇ep) = (g˜ − β ph − α divuh, ep)− τ (K∇ph,∇ep)
By means of summing up both identities, we arrive at the following representation of the mixed error (cf. (2.13))
‖ε(eu)‖2L + ‖∇ep‖2τK + ‖ep‖2β = (αph − λdivuh, diveu)
+ (f − α∇ph, eu) +
(
g˜ − (β ph + α divuh), ep
)− (Lε(uh), ε(eu))− τ (K∇ph,∇ep). (4.8)
Analogously to the previous sections, we introduce tensor- and vector-functions τ ∈ [TDiv(Ω)]d×d such that
(Divτ ,v)Ω + (τ , ε(v))Ω = (τ · n,v)Γu
N
(4.9)
and z ∈ [Zdiv(Ω)]d satisfying the relation
(divz,w)Ω + (∇z,∇w)Ω = (z · n,w)Γp
N
. (4.10)
By adding (4.9) and (4.10) to the RHS of (4.8), we obtain
‖ε(eu)‖2L + ‖∇ep‖2τK + ‖ep‖2β = (z − τ K∇ph,∇ep) + (g˜ − (β ph + α divuh) + divz, ep)− (z · n, ep)ΓpN
+ (τ − Lε(uh), ε(eu)) + (f − α∇ph +Divτ , eu)− (τ · n, eu)Γu
N
(4.11)
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where the residuals in the RHS are defined in (4.4). By means of the Ho¨lder and Young inequalities, we estimate
the terms on the RHS of (4.11) with dual residuals
(τ − Lε(uh), ε(eu)) ≤ α12 ‖τ − Lε(uh)‖2L−1 + 12α1 ‖ε(eu)‖
2
L
,
(rzd(ph, z),∇ep) ≤ β12 ‖rzd(ph, z)‖21/(τK) + 12β1 ‖∇ep‖
2
τK,
(4.12)
where α1, β1 > 0. Next, we consider the equilibrated residuals
(rτeq(ph, τ ), eu)− (τ · n, eu)ΓuN ≤ α22 (CuΩ)2
(‖rτeq(ph, τ )‖2Ω + ‖τ · n‖2Γu
N
)
+ 12α2 ‖ε(eu)‖
2
L
, (4.13)
where α2 > 0 and C
u
Ω is a constant in
‖eu‖2Ω + ‖eu‖2Γu
N
≤ (CuΩ)2 ‖ε(eu)‖2L, (4.14)
defined through the Korn and the trace inequalities (cf. (4.5)). By similar arguments, we estimate
(rzeq(uh, ph, z), ep)− (z · n, ep)ΓpN ≤
β2
2 (C
p
Ω)
2 (‖rzeq(uh, ph, z)‖2Ω + ‖z · n‖2Γp
N
) + 12β2 ‖∇ep‖
2
τK, (4.15)
where CpΩ is a constant in
‖ep‖2Ω + ‖ep‖2Γp
N
≤ (CpΩ)2 ‖eu‖2β, (4.16)
defined through parameter β and constant in the trace inequality (cf. (4.5)). By choosing α1 = 1 + ζ, α2 = 1 +
1
ζ ,
β1 = 1 + ξ, β2 = 1 +
1
ξ and by collecting the above obtained results, we arrive at
‖ε(eu)‖2L + ‖∇ep‖2τK + ‖ep‖2β ≤ (1 + ζ) ‖τ − Lε(uh)‖2L−1 + (1 + 1ζ ) (CuΩ)2
(‖rτeq(ph, τ )‖2Ω + ‖τ · n‖2Γu
N
)
+ (1 + ξ) ‖rzd(ph, z)‖21/(τK) + (1 + 1ξ ) (CpΩ)2 (‖rzeq(uh, ph, z)‖2Ω + ‖z · n‖2ΓpN )
By means of the tensor L representation (3.28), the latter can be rewritten
‖ε(eu)‖22µ + ‖diveu‖2λ + ‖∇ep‖2τK + ‖ep‖2β
≤ (1 + ζ)
∫
Ω
rd(uh, τ ) dx+ (1 +
1
ζ ) (C
u
Ω)
2
(
‖rτeq(ph, τ )‖2Ω + ‖τ · n‖2Γu
N
)
+ (1 + ξ) ‖rzd(ph, z)‖21/(τK) + (1 + 1ξ ) (CpΩ)2
(
‖rzeq(uh, ph, z)‖2Ω + ‖z · n‖2Γp
N
)
.

5 Conclusion
We presented two techniques to the error control for Biot problem in the poroelastic medium. The obtained majo-
rants Mit and Mmn correspond to the iterative and monolithic solution approaches applied to solve semi-discrete
counterpart of the Biot system’s variational formulation. The first error estimate is derived by the combination of
the Ostrowski-type estimates and functional a posteriori error majorants for the elliptic problems. Whereas, Mmn
corresponded to a computable upper bound of the error in the approximation pair (u, p)h produced by solving the
Biot system implicitly. The functional Mmn exploits a combination of a posteriori error estimates (well-studied in
[55, 67] and references therein) applied for unknown displacement and pressure in solid and flow equations, respec-
tively. Both error bounds are fully computable and independent on the discretisation techniques used for variational
formulation of the Biot problem as soon as the reproduced approximations belong to admissible functional spaces.
Functionals Mit and Mmn do not depend on any mesh discretisation constants and just contain global Poincare-type
constants characterising considered geometry.
Since the current work illustrates only the theoretical idea of the error estimation in the Biot model, we aim to
address the numerical aspects in the next report. Moreover, we plan to consider the three- and four-field formulations
and compare the results of the error estimation to the two-field formulation. Finally, similar arguments can be used
for deriving functional error estimates for full space-time schemes discretising the Biot problem.
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Appendix
5.1 Preliminaries
Further exposition is dedicated to the overview of all the definitions and fundamental results, which are essential for
the theoretical arguments presented in the work. In particular, we address the definitions and properties of functional
spaces, classical embedding type inequalities with corresponding constants, and, finally, classical statement of the
Biot model with some physical clarifications.
Let Ω ⊂ Rd, d = {2, 3}, be a bounded domain with Lipschitz continuous boundary ∂Ω. We use the standard nota-
tion for the Lebesgue space of square-measurable functions  L2(Ω) equipped with the norm
‖ v ‖Ω := ‖ v ‖L2(Ω) := (v, v)
1/2
Ω , where (u, v)Ω is a corresponding scalar product for all u, v ∈ L2(Ω). Let Md×d
denote the space of real d-dimensional tensors. Then, the scalar product for vector-valued v,w ∈ Rd and tensor-
valued functions τ ,σ ∈Md×d on Ω are defined as
(v,w)Ω :=
∫
Ω
v ·w dx and (τ ,σ)Ω :=
∫
Ω
τ : σ dx.
Here, v ·w := vi wi and τ : σ := τij σij , respectively. If it is clear from the context that the scalar product is defined
on Ω, then the sub-suffix is omitted, i.e., (u, v) := (u, v)Ω. Moreover, A(x) ∈Md×d, x ∈ Ω denotes a symmetric uni-
formly positively defined operator with uniformly bounded eigenvalues λ(x), i.e.,
0 < λ ≤ λ(x) ≤ λ ≤ +∞, λ, λ ∈ R. Then, for ∀u,v ∈ [L2(Ω)]d, we define (u,v)A := (Au,v). It is clear
that
λ ‖v‖ ≤ ‖v‖A ≤ λ ‖v‖ and (u,v) ≤ ‖ · ‖A ‖ · ‖A−1 , ∀u,v ∈ [L2(Ω)]d
holds. We use standard notation for Sobolev spaces and their norms, namely,
H1(Ω) :=
{
v ∈ L2(Ω) | ∇ v ∈ [L2(Ω)]d },
equipped with the semi-norm and the norm | v |Ω = | v |H1(Ω) := ‖∇ v ‖Ω and ‖ v ‖H1(Ω) :=
(‖ v ‖2Ω + | v |2Ω)1/2 ,
respectively. As far as the divergence operator is concerned, we use the space
H(Ω, div) :=
{
v ∈ [L2(Ω)]d | divv ∈ L2(Ω)},
with the norm ‖ v ‖2H(Ω,div) := ‖ v ‖2[L2(Ω)]d + ‖ divv ‖2L2(Ω).
Assume that Γ is a part of the boundary such that measd−1Γ > 0 (or, in particular case, may coincide with it).
For functions in H10,Γ(Ω) :=
{
v ∈ H1(Ω) | v |Γ= 0
}
, the Friedrichs’-type inequality reads:
‖v‖Ω ≤ CFΓ |v|Ω, ∀v ∈ H10,Γ(Ω). (5.1)
We assume that there exists a bounded operator, mapping the functions defined in Ω to functions defined on Γ,
namely γ : H1(Ω)→ H1/2(Ω) satisfying the following conditions:
v|Γ := γv, ‖ v ‖Γ ≤ CtrΓ ‖ v ‖H1(Ω), ∀v ∈ H1(Ω), (5.2)
where ‖ v ‖Γ is the norm induced by (v, u)
1/2
Γ :=
∫
Γ u v dx, u, v ∈ L2(Γ).
Another important inequality in continuum mechanics is the Korn first inequality
‖w‖[H1(Ω)]d ≤ CK‖ε(w)‖[L2(Ω)]d×d , ∀w ∈ [H1(Ω)]d, (5.3)
where CK is the Korn constant (independent on w). For the vector-valued fields, it is easy to see that
‖ divw ‖ = ‖ tr ε(w) ‖ = ‖ I : ε(w) ‖ ≤
√
d ‖ ε(w) ‖, ∀w ∈ [H1(Ω)]d, (5.4)
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where I ∈Md×d is the unit tensor of Md×d, and ε(w) ∈Md×d denotes the symmetric part of ∇w. Then, L2-norm
can be controlled by H1-norm as follows
‖w‖[L2(Ω)]d ≤ 11+CF
Γ
‖w‖[H1(Ω)]d , ∀w ∈ [H10,Γ(Ω)]d.
Since the linear poroelasticity is time-dependent, let Q := Ω × (0, T ) denote a space-time cylinder (with given
time-interval (0, T ), 0 < T < +∞). Let Σ = ∂Ω × (0, T ) be a lateral surface of Q, whereas Σ0 := ∂Ω × {0} and
ΣT := ∂Ω × {T } define the bottom and the top parts of the mantel, such that ∂Q = Σ ∪ Σ0 ∪ ΣT . We consider
functions defined on a time interval (0, T ) with values in a functional space X , i.e., u : (0, T )→ X (cf. [43, 44, 92]).
Let ‖ · ‖X denote the norm in X , then for any r, 1 ≤ r ≤ ∞, the corresponding Bochner space reads as
L2(0, T ;X) :=
{
f measurable in [ 0, T ]
∣∣∣ ∫ T
0
‖f(t)‖2X dt <∞
}
,
and it is equipped with the norm ‖f‖L2(0,T ;X) :=
( ∫ T
0
‖f(t)‖2X dt
)1/2
. It is the Hilbert space if X is a Hilbert space.
Moreover, throughout the paper we use
H1(0, T ;X) :=
{
f ∈ L2(0, T ;X) | ∂tf ∈ L2(0, T ;X)}. (5.5)
Space of continuous functions u : [0, T ]→ X is defined as
C(0, T ;X) := {u : [0, T ]→ X | continuous w.r.t. t ∈ [0, T ]} (5.6)
and is equipped with the norm ‖u‖C(0,T ;X) := max
t∈[0,T ]
‖u(t)‖X .
Finally, we assume that Th is the mesh defined on Ω. Then, the corresponding discretisation spaces with the
Lagrangian finite elements of order 0 or 1 are defined as
P0 := {vh ∈ L2(Ω) | ∀T ∈ Th, vh|T ∈ P0}, P1:= {vh ∈ H1(Ω) | ∀T ∈ Th, vh|T ∈ P1},
where P0 and P1 are the spaces of scalar constant and piecewise linear functions, respectively. The Raviart–Thomas
elements of the lowest and first order are denoted by
RT0 := {yh ∈ H(div,Ω) : ∀T ∈ Th, yh|T = a+ bx,a ∈ Rd, b ∈ R },
RT1 := {yh ∈ H(div,Ω) : ∀T ∈ Th,yh(x)|T = q(x) + x r(x), q ∈ [P1]d, r ∈ P1},
respectively.
5.2 Contraction theorem
Theorem 5 With γ = α√
λ
and L = α
2
2λ , the fixed-stress splitting iterative scheme, defined in (3.5)–(3.6), is a
contraction given by
‖ε(δui)‖22µ + q ‖∇δpi‖2τK + ‖δηi‖2 ≤ q2‖δηi−1‖2, q = Lβ+L . (5.7)
Proof: See the proof in Appendix. Substitution of w = δpi in (3.5) and application of the Young inequality provide
the relation
(β + L) ‖δpi‖2 + ‖∇δpi‖2τK ≤ ǫ2 ‖δpi‖2 + γ
2
2ǫ ‖δηi−1‖2, ǫ > 0.
Combination of the terms on the i-th and (i − 1)-th iterations implies
(β + L− ǫ2 ) ‖δpi‖2 + ‖∇δpi‖2τK ≤ γ
2
2ǫ ‖δηi−1‖2.
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σpor poroelastic Cauchy stress (total stress) tensor
u displacement of the solid
p fluid pressure
σ linear elastic (effective) stress tensor
ε(u) strain tensor
λ, µ Lame´ parameters
f volumetric body force
w Darcy velocity
µf fluid viscosity
K permeability tensor
g gravitation constant
η = η(x) signed distance in the vertical direction
ρf fluid phase density
ϕ∗ fluid content
ϕ0 initial porosity
M Biot constant
cf fluid compressibility
α Biot-Willis coefficient
β = 1
M
+ cfϕ0 storage coefficient
Table 1: Table of notation
Substitution of the optimal ǫ = β + L, obtained from the minimisation problem min
ε>0
(
2 ǫ (β + L− ǫ2 )
)−1
, yields
(β + L) ‖δpi‖2 + 2 ‖∇δpi‖2τK ≤ γ
2
β+L ‖δηi−1‖2. (5.8)
On the other hand, substitution of v = δui into (3.6) provides us with
‖ε(δui)‖22µ + ‖divδui‖2λ − α (δpi, divδui) = 0. (5.9)
By summing (5.8), multiplied by free parameter c0 > 0, and (5.9), we arrive at the following inequality{
c0 (β + L) ‖δpi‖2 + ‖divδui‖2λ − α (δpi, divδui)
}
+ ‖ε(δui)‖22µ + c0 2 ‖∇δpi‖2τK ≤ c0 γ
2
β+L‖δηi−1‖2. (5.10)
Let us determine the values of parameters c0, γ, and L such that the terms in the LHS of (5.10) are positive and
the contraction in ‖δηi−1‖2 is achieved. It follows from (3.1) that
‖δηi‖2 = α2γ2 ‖divδui‖2 + L
2
γ2 ‖δpi‖2 − 2αLγ2 (divδui, δpi). (5.11)
Comparing (5.11) and (5.10), we arrive at the following condition on the free parameters:
α2
γ2 ≤ λ,
L2
γ2 ≤ c0 (β + L),
2αL
γ2 = α,
which yields

L ≥ α22 λ ,
c0 ≥ L2 (β+L) ,
γ2 = 2L.
Then, the contraction rate q = c0
γ2
β+L is monotone w.r.t. to L and attains its minimum at
L = α
2
2λ and c0 =
L
2 (β+L) .
By using condition γ2 = 2L, we obtain
q = Lβ+L and L =
α2
2λ .

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